Let H be a complex Hilbert space and B(H) the algebra of all bounded linear operators on H. In this paper, we study the class of pairs of operators A, B ∈ B(H) that have the following property, AT B = T implies B * T A * = T for all T ∈ C 1 (H) (trace class operators). The main result is the equivalence between this character and the fact that the ultra-weak closure of the range of the elementary operator ∆ A,B defined on B(H) by ∆ A,B (X) = AXB − X is equivalent to the generalized quasiadjoint operators. Some new C * -algebras generated by a pair of operators A, B ∈ B(H) are also presented.
Introduction
For A, B ∈ B(H), ∆ A,B denotes the elementary operator on B(H) defined by ∆ A,B (X) = AXB − X (for X ∈ B(H)). When A = B, (∆ A,A = ∆ A ). In [1] Joel Anderson et.al showed that if A is D-symmetric,(i.e, ran(δA) = ran(δ A * )), where ran(δA) denotes the norm closure of the range of the inner derivation δ A defined by δ A = AX − XA (X ∈ B(H)), then for T ∈ C 1 (H), AT = T A implies A * T = T A * . The ideal C 1 (H) admits a trace class function tr(T ), given by tr(T ) = Σ n (T e n , r n ) for any complete orthonormal system e n in H. As a Banach space C 1 (H) can be identified with the dual of K of compact operators by means of the linear isometry T → f T , where f T = tr(XT ). Moreover, B(H) is the dual of C1(H). The ultra-weakly continuous linear functionals on B(H) are those of the form f T for T ∈ C 1 (H) and the weakly continuous ones are those of the form f T with T of finite rank. In this paper we present a result similar to the result given by Anderson et.al in [1] for elementary operator ∆ A,B .We also initiate the study of generalized quasi-adjoint operators.
Preliminaries
Anderson et.al In [1] proved the following theorem
, the corresponding element of the Calkin algebra, is D-symmetric and (b) T ∈ C 1 (H).AT = T A implies A * T = T A * .
In the following definitions we will introduce a new pairs of operators in B(H)× B(H) Definition 2.2 For A, B ∈ B(H), the pair (A, B) is called generalized quasi-adjoint if ran(∆ A,B ) = ran(∆ B * ,A * ) (norm closure of the ranges). The set of all such pairs is denoted GS(H).
The set of all such pairs is denoted GF 0 (H). Z ∈ ran(∆ A,B ) implies Z * ∈ ran(∆ A,B ). This is equivalent to Ann(ran(∆ A,B )) is self-adjoint, i.e, if f ∈ Ann(ran(∆ A,B )), then f * ∈ Ann(ran(∆ A,B )), where f * (X) = f (X * ) for all X ∈ B(H).
Definition 2.5 A C * -algebra is a Banach algebra A over the field of complex numbers, together with the map * : A → A which is called an involution.
The image of an element x ∈ A, under this involution, written x * , satisfies the following conditions:
The C * -identity holds for all x ∈ A, that is,
The Banach algebra B(H) of all bounded operators defined on a complex Hilbert space H is a C * -algebra of operators.
Main results
In this section we will present some properties of generalized quasi-adjoint operators and we will prove similar result to Theorem 2.1 by taking ∆ A,B instead of δ A . In , [14] J.P Williams showed that if, A ∈ B(H), then
where ran(δ A ), K(H), ker(δ A ) and C 1 , denote respectively, the range of δ A , the ideal of compact operators, the kernel of δ A and the trace class operators. We start by proving a similar decomposition for ∆ A,B . Let B be a Banach space and let S be a subspace of B. Denote by B the set of of all linear functionals, and the set B * = {f ∈ B : f is bounded (norm-continuous)}, Ann(S) = {f ∈ B * : f (s) = 0f oralls ∈ S} Theorem 3.1 [6] Let E, F be Banach spaces and let B(E, F ) be the set of all bounded linear operators A :
Let A, B ∈ B(H). The following theorem gives a similar result of S.Mecheri [6] concerning ∆ A,B .
Proof. It suffices to take in Theorem (3.1) E = F = K(H) and
where S * = ∆ B,A : C 1 → C 1 using trace duality. (ii) BT A = T implies A * T B * = T for all T ∈ C 1 (H).
(i) ran(∆
) is generalized quasi-adjoint.
Proof. The proof is the same as that of Theorem(3.2) in [6] .
Remark 3.5 It is known from [13] that if A, B are contrations, then AT B = T, T ∈ C
1 implies A * T B * − T = 0
. Thus the pair (A, B) is generalized quasiadjoint if and only if the pair ([A], [B]) is generalized quasi-adjoint.
In the following theorem we will present an example of quasi-adjoint operator. Theorem 3.6 Let A ∈ B(H) be isometric. Then A is quasi-adjoint.
Proof. Let A ∈ B(H) be isometric and consider the operator P defined by P = I − V V * . Then ∆ A * (X) = ∆ A (−A * XA) − P X for all X ∈ B(H). To prove that A is quasi-adjoint, it suffices to show that P B(H) ⊆ R(∆ A ). Define the sequence of operators (S n ) m≥1 by S n = Σ n−1 k=0
It easy to see that: (A k P x, A j P y) = 0 for all x, y ∈ H and for all positive integers k, j(k = j). By this we get,
for all x ∈ H. It follows that
for all X ∈ B(H). This implies that P X ∈ R(∆ A ). Thus A is quasi-adjoint.
Proof. The w * -topology is generated by all f T with T ∈ C 1 and so ran(∆ A,B ) w * is the intersection
, this intersection is
and so the weak * -closure of
and (A, B) ∈ GF 0 . Now consider the following sets: (ii) T 0 (A, B) is a bilateral ideal of I 0 (A, B).
w * for all C, D ∈ C * (A, B), the C * -algebra generated by the pair (A, B) ∈ GF 0 (H). 
. Similarly, we can show that I 0 is also a C * -algebra. Just note that if (C, D) ∈ I 0 , then
. Now, we want to show that the upper sets are w * -closed. Recall that (ii) Clearly T 0 is a sub-algebra of I 0 . Let (C, D) ∈ I 0 (A, B) and (E, F ) ∈ T 0 (A, B) → C, D, E and F ∈ ran(∆ A,B ) w *
, then for all X ∈ ran(∆ A,B ) we conclude that CEX and XDF are in ran(∆ A,B ) w * . Hence
